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Abstract 
At present time concerted efforts are being made for the implementation of smart grid technologies. PMUs play a significant role 
in the wide area monitoring system (WAMS). The major advantages of the WAMS include dynamic wide area measurements 
with faster rate and better accuracy. Observability of a complete power system with a minimum number of PMUs has always 
remained a challenge. This paper suggests a binary integer linear programming approach for finding out the optimal locations of 
PMUs in a system. Two indices viz. BOI (Bus Observability Index) and SORI (System Observability Redundancy Index) have 
been suggested to rank the various possible solutions of an OPP. IEEE 14, 24, 30 and New England 39 (NE 39) bus systems have 
been considered for simulation and the results show excellent computational efficiency of the algorithm.   
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1. Introduction 
Most of the growing countries are primarily paying attention in strengthening their electrical power network to 
have overall infrastructural development. In order to achieve targets of growth in this smart grid era, more use of 
information and communication technologies are being explored and used. In this connection, phasor measurement 
units (PMUs) are being deployed to provide time synchronized measurements in a power system of some critical 
parameters which are useful for predicting accurate and real time grid health situation[1][2]. PMUs are becoming 
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attractive for power engineers because they not only provide the magnitude of voltage and current at a bus but 
provide their phase angles also. The phase angles are extremely important in power system applications because they 
provide the steady state power transfer limit. PMUs play a significant role in wide area monitoring system (WAMS). 
In this system a technique is used by which the local information of selected areas is transported to a master station. 
PMUs use synchronizing signals from the Global Positioning System (GPS) to provide real time phasor 
measurements of voltage and current at a substation.  PMU placement at every bus in a system will make the system 
completely observable. Since PMUs are very costly it is not wise to install them at every bus. Many algorithms have 
been devised for addressing the OPP. The BILP approach for the optimal PMU placement has been pioneered by 
Abur[3][4].For formulating the optimal PMU placement problem certain assumptions have to be made as stated 
below: 
x PMU installed at a bus will make all the buses connected to it including itself observable.The branch current 
phasor of all the lines connected to the bus can be obtained. They are known as direct measurements. 
x When the voltage and current phasors are known at one end of the branch the corresponding voltage phasor at the 
other end can be obtained from line impedance parameters. 
x If the voltage phasors at both ends of a branch are known then we can find the current in the branch from the 
impedance of the line. The measurements obtained in b and c are called as pseudo- measurements. 
Now we shall consider the optimal PMU placement problem formulation for 9 bus system. We define a binary 
variablewhich tells us whether we will have a PMU at the kth bus or not. If  is 1, then a PMU is located at the 
kth bus otherwise not. 
 
 
Fig. 1. A 9 Bus Test System 
 
 
 
 
Subject to the constraints defined below:- 
 
        Bus-1:ݔͳ ൅ ݔͶ ൒ ͳ                    (2) 
        Bus-2:ݔʹ ൅ ݔͺ ൒ ͳ                    (3) 
        Bus-3: ݔ͵ ൅ ݔ͸ ൒ ͳ                    (4) 
        Bus-4: ݔͳ ൅ ݔͶ ൅ ݔͷ ൅ ݔͻ ൒ ͳ                    (5) 
        Bus-5:ݔͶ ൅ ݔͷ ൅ ݔ͸ ൒ ͳ                    (6) 
        Bus-6: ݔ͸ ൅ ݔͷ ൅ ݔ͵ ൅ ݔ͹ ൒ ͳ                    (7) 
        Bus-7: ݔ͹ ൅ ݔ͸ ൅ ݔͺ ൒ ͳ                    (8) 
        Bus-8: ݔͺ ൅ ݔʹ ൅ ݔͻ ൅ ݔ͹ ൒ ͳ                    (9) 
        Bus-9: ݔͶ ൅ ݔͻ ൅ ݔͺ ൒ ͳ                  (10) 
 
 
The above equations can be accumulated in the short form as follows: 
ܯ݅݊݅݉݅ݖ݁σ ݆ݔ݆אܫ (11)      (11) 
Subject to݂݅ ൒ ͳ,׊݅ אI (12)      (12) 
 
             OPPǣ  ݔͳ ൅ ݔʹ ൅ڮ ൅ ݔͻ  (1) 
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Where 
ܺ ൌ ሾݔͳǡ ݔʹǡǥݔܰሿܶ 
ݔ݇ א ሼͲǡͳሽ 
݂݅ ൌ σ ݆ܽ݅ ݆ݔ ǡ׊݅ א ܫ݆אܫ                                                   (13) 
Icorresponds to the set of buses and i,j refer to the indices of the buses. is a binary variable as defined above. It can 
also be called as PMU placement variable. 
 
݆ܽ݅ = ൝
ͳǡ ൌ 
ͳǡ
Ͳǡ
 
 
Our goal is to minimize the objective function (1) which gives the required number of PMUs for complete system 
observability. When we solve the above equations (1)-(10) in MATLAB using binary integer linear programming 
the solution z comes out to be three. Thus minimum three PMUs are required for complete system observability. 
These will be located on buses 4, 6, and 8. Hence we have achieved the goal of optimal PMU placement under 
normal operating conditions. But a good optimal placement algorithm should also take care of some additional issues 
which can occur: 
x Modeling of zero injection buses. 
x Placement of PMUs in phases/stages 
x Loss of a single PMU 
When we have made a system observable with minimum number of PMUs, a loss of a single PMU will definitely 
make some buses unobservable. So this factor should be taken into account while devising any algorithm for OPP. In 
this paper we will focus on the OPP such that it works even if we have a single PMU outage. Zero injection 
buses(ZIB)[5], [6] have the potential to reduce the minimum number of PMUs required for complete system 
observability. They are the buses where the net current injected is zero. We can effectively apply KCL to get the data 
of the buses connected to ZIB. PMUs are very costly. It is not wise to install all of them at the same time. So the 
instalment process has to be done in phases. In subsequent phases more and more buses will be observable. In the 
final phase only all the PMUs will be installed and the system will be completely observable. The staging/phasing of 
PMU placement has been addressed in[7]. Generally the solution of the OPP problem is not unique. It might happen 
that we are getting multiple solutions of the type that the number of PMUs required is same in all the solutions. But 
the buses on which these PMUs are to be installed comes out to be different in the various solutions. Now for 
choosing the best solution among many available, two parameters BOI(Bus Observability Index) and SORI(System 
Observability Redundancy Index)[7] have been proposed. The final solution chosen should have maximum SORI. 
This implies that the chosen solution will maximize the observability redundancy of the system. 
2. Staging of PMU placement process 
Let the minimum number of PMUs required for complete system observability be β0. This number is obtained 
when we solve the optimal PMU placement problem by BILP approach as given in the previous section. Let the set 
of buses which have been chosen for PMU placement be given by Q. Thus for every bus belonging to the set Q, the 
value of the binary or the PMU placement variable =1 and it is 0 for the buses which are not in Q. Considering the 
fact that PMUs are very costly we divide the PMU placement into t time horizons such that in ith time horizon we 
install βi PMUs. Thus staging PMU placement requires finding t non-intersecting subsets of Q such that their union 
results in set Q itself i.e., 
Q1 U Q2 …U Qt = Q.                                          (14) 
  
Similarly                                      β1+β2+β3+…+βt = β0                                          (15) 
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The PMUs identified in set Q are installed after completion of t time horizons. This also implies that the number 
of PMUs available for placement at the ith time horizon is given by 
Qi = Q – {Q1 U Q2 …U Qi-1}.   (16) 
 
The power system in which the PMUs are installed will be completely observable after t time horizons only. In 
the intermediate stages the system is partially observable. We should choose the PMUs in the intermediate stage in 
such a way so as to maximize the number of observable buses in the system. Another factor to be noticed is that the 
equations (2)-(10) will not be feasible in the intermediate stages. Thus for modelling partial observability constraints, 
we introduce a binary variable ui which can be called as bus observability confirmation variable with bus i. If ui 
takes value 1, it implies that the ith bus is observable otherwise it is not. 
IEEE 14 bus test system has been taken as an example to demonstrate the mathematical realizability of the 
phasing/staging problem of PMU. The equations of the type (2)-(10) can also be formulated for the IEEE 14 bus 
system [7] from the bus connectivity data. On solving these equations in MATLAB using binary integer linear 
programming, the solution comes out to be four. Thus we need to place four PMUs at buses 2, 6, 7 and 9 for 
complete system observability. Suppose we divide the PMU placement over a three year horizons with, say, two, 
one, and one PMUs to be placed in first, second and third years respectively. Then Q = {2, 6, 7, 9}, β0 = 4, β1 = 2, β2 
= 1, and β3= 1.  
3. Modeling of zero injection buses 
Zero injection buses are those in which the net current injected is zero. When these buses are taken into account 
while modelling the OPP, the number of PMUs required for complete system observability is reduced further. To get 
a better understanding of this aspect let us consider the five bus system as shown in Fig. 2. Fig. 2(a) does not take 
zero injection buses into account while Fig. 2(b) shows bus 5 as a zero injection bus. It can be easily seen in Fig. 2(a) 
that a minimum of two PMUs are required for ensuring complete system observability. These can be placed on bus 
pairs (2,4) or (1,4) or many other possible combinations. For example, if we place a PMU on bus 2, then buses 1,2,3 
and 4 become observable. So we just need one more PMU for making bus 5 observable. In contrast consider the 
system shown in Fig. 2(b).  When we place a PMU at bus 4, the buses 2, 5, 3 and 4 become observable. Since bus 5 
is a zero injection bus, the current in the branch 4-5 is same as the current in the branch 1-5 i.e.I45 = I15. The PMU at 
bus 4 will give I45, henceknowing the line impedance parameters, the voltage at bus 1 can be calculated as:                                
V1 = V5 – I45Z15 
Hence a separate PMU is not required at bus 1 to make it observable. Thus the number of PMUs required for 
complete system observability has decreased from two to one when we take zero injection buses into account. 
 
Fig. 2. Five Bus System 
 
We can effectively apply KCL at a zero injection bus to ensure observability of a bus connected to it. If we place 
a PMU at a zero injection bus this additional advantage of applying KCL at it is gone. Thus to ensure that no PMU 
isinstalled at a zero injection bus the following constraint is enforced: 
݆ݖ ݆ݔ ൌ Ͳǡ׊݆ א ܫ                                    (17) 
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4.  Enhancing observability redundancy 
The minimum PMU placement problem may have sometimes multiple solutions. So to decide the superiority 
among the various solutions available two performance indicators are coined which are referred as the Bus 
Observability Index (BOI) and System Observability Redundancy Index (SORI). Let us define BOI for bus-k (αk) as 
the number of PMUs that can provide us with the bus-k data. Thus, the maximum possible value of the bus 
observability index is equal to the maximum bus connectivity (mk) of a bus plus one, i.e. 
ߙ݇ ൑ ݉݇ ൅ ͳ 
Now we define SORI as the summation of the BOI’s of all busses in the system. Then  
                                                                                      ߛ ൌ σ ߙ݆݉ൌͳ j 
Where ɀ represents SORI.  
4.1. Loss of single PMU 
As we have discussed earlier that greater the measurement redundancy better is the system observability. We 
consider that for better system monitoring each bus should be monitored by atleast two PMUs [8]. This ensures that 
even if there is a PMU outage the system will still remain completely observable [9]–[11]. To realize them 
practically in the OPP model, the equations (2)-(10) have to be modified. The right hand side of these equations 
should be two instead of one. For example equation (2) becomes: 
                                             ݔͳ ൅ ݔͶ ൒ ʹ                                                  (18) 
5. Case Studies 
The optimal PMU placement algorithm has been implemented on IEEE 14, 24, 30 and NE 39 bus systems. 
Modelling has been done taking into account various cases like zero injection buses, single PMU loss etc. Table 1 to 
Table 4 give the details of the case studies and their results. 
 
Table 1.Location of zero injection buses in various systems 
 
S.No 
 
 
Bus System 
 
Location of zero injection buses 
1. IEEE 14 Bus 7 
2. IEEE 24 Bus 11,12,17,24 
3. IEEE 30 Bus 6,9,22 ,25,27,28 
4. NE    39 Bus 1,2,5,6,9,10,11,13,14,17,19,22 
 
Table 2. Results OPP: Without considering ZIBs 
 
 
 
 
 
 
 
Table 3. Results OPP : Taking into account ZIBs and no PMU installed at any ZIB 
 
 
 
 
 
 
 
 
 
S.No 
 
 
Bus system 
 
No. of PMUs for    complete   
observability 
 
Optimal PMU locations 
1. IEEE 14  Bus 4 2, 6, 7, 9 
2. IEEE  24 Bus 7 2,3,8,10,16,21,23 
3. IEEE 30 Bus 10 1,7,9,10,12,18,24,25,27,28 
4 NE 39 Bus 13 2,6,9,10,13,14,17,19,20,22,23,25,29 
 
S.No 
 
Bus System 
 
No. of PMUs for complete       
observability 
 
Location of PMUs 
1. IEEE 14 Bus 3 2,6,9 
2. IEEE 24 Bus 6 1,2,8,16,21,23 
3. IEEE 30 Bus 7 1,7,10,12,19,24,30 
4. NE  39 Bus 8 3,8,16,2329,32,34,37 
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Table 4. Results OPP: With single PMU outage 
 
 
 
 
 
 
 
 
 
6. Conclusion 
In this paper, a fast and practical model based on binary integer linear programming is suggested for addressing 
the optimal placement problem of PMUs. Algorithms have been suggested for the optimal multistage scheduling of 
the PMUs in various bus systems. The BILP approach has been carried out on various test systems taking into 
account various cases like modelling of zero injection buses and a single PMU loss. Two parameters BOI and SORI 
have been proposed which helps in deciding the best solution out of the multiple possible solutions for the OPP. The 
proposed model has linearised the optimal placement problem of PMUs. Simulations on IEEE 14, IEEE 24, IEEE 30 
and NE 39 bus systems have been carried out in the MATLAB using binary integer linear programming. The salient 
features of the method include its excellent computational efficiency and low execution time. The complexities 
encountered in the above method are also minimal. 
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S.No 
 
Bus System 
 
No. of PMUs for   complete  
observability 
 
Location of PMUs 
1. IEEE 14 Bus 9 2,4,5,6,7,8,9,11,13 
2. IEEE 24 Bus 14 1,2,7,8,9,10,11,15,16,17,20,21,23,24 
3. IEEE 30 Bus 21 1,3,5,7,8,9,10,11,12,13,15,17,19,20,22,24,25,26,2
8,29,30 
4. NE  39 Bus 28 2,3,6,8,9,10,12,13,14,16,17,19,20,22,2325,26,29,
30,31,32,33,34,35,36,37,38, 39 
